New Sixth Order Mock Theta Functions
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The mock theta functions, possibly the most famous
and the deepest topic in Ramanujan’s lost notebook,
were first introduced by Ramanujan in his last letter
to G. H. Hardy

In that letter, Ramanaujan gave a list of 17 func-
tions as examples of mock theta functions, classified
according to their respective orders. Unfortunately he
did not explain what he meant by the ”order”.

Ramanujan’s lost notebook, which G.E. Andrews
found in 1976, was seen to contain identities involving
mock theta functions of the sixth order and the tenth
order. It is widely accepted that the only other mock
theta functions discovered besides those of Ramanujan
are third order mock theta functions defined by G.N.
Watson and G.E. Andrews.

With the complex variable |g| < 1, recall the six
primary sixth order mock theta functions defined by
Andrews and D. Hickerson, namely,
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In a recent collaboration with B. C. Berndt, we con-
ducted a study on the sixth order mock theta functions.
We discovered that if we sum the summands of p(¢q) and
o(q) over the negative integers, we obtain A(¢q)/2 and
1(q)/2, respectively. However, an examination of the
summands of ¢(q) and ¥ (gq) over the negative and non-
positive integers, respectively, leads to the discovery of
two new functions, which we defined as
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We empirically discovered four identities involving
these two new functions ¢_ and ¥_, which are sim-
ilar in spirit to identities for sixth order mock theta
functions stated by Ramanujan in his lost notebook.
We remark that R. J. McIntosh has independently dis-
covered these two mock theta functions and derived
transformation formulas for them. However, there are
no theorems in MclIntosh’s work in common with those
proved in our paper.

The last entry on page 4 of Ramanujan’s lost note-
book is given by
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are the generating functions for the sum of squares and
sums of triangular numbers respectively. Since the se-
ries on the left-hand side of (0.1) does not converge,
we provide a meaningful interpretation of this hitherto
unexamined entry and proved it using results on v by
Andrews and Hickerson.
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