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The last decade has seen a rich and growing
interplay between the continuous volume of a
polytope P and its discrete volume, the latter defined
by the number of integer points that are contained in
the polytope. Many branches of combinatorics,
discrete geometry, and number theory can be unified
using this interplay. Indeed, one of the main
problems in encryption is to find the number of
integer (or lattice) points that are contained inside a
given parallelepiped whose vertices have rational
coordinates.

Recently, we've succeeded in extending the theory of
discrete volumes of polytopes with rational
coordinates to that of polytopes with real coordinates,
using Fourier Analysis. This theory deals with
extensions of angles to higher dimensions, where
generalized angles — called solid angles — play a role
in defining new discrete volumes of polytopes. Some
of the Number Theory that comes into the general
analysis consists of Dedekind Sums and their many
higher dimensional generalizations. Dedekind sums
are finite trigonometric sums that involve Finite
Fourier Analysis, and form the building blocks of
integer point enumeration in polytopes.

Among the applications of the theory of discrete
volumes of polytopes are the Frobenius coin
exchange problem, the enumeration of doubly-
stochastic matrices, new volume formulas for the
Birkhoff polytopes and related transportation
polytopes, and algorithms for integer flow networks.
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